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Study of Aircraft Cruise

P. K. A. Menon*
Georgia Institute of Technology, Atlanta, Georgia

The long-range aircraft cruise problem is analyzed using a model intermediate in complexity between the energy
model and the point-mass model. It is shown that this formulation imbeds the classical steady-state cruise as the
central member along with several other oscillatory extremals. Oscillatory cruise trajectories are shown to exist if
the Hessian of a characteristic function is positive definite. An expression for predicting the frequency of oscillation
in the neighborhood of the classical steady-state cruise point is developed. Qualitative effects of increasing the
vehicle thrust and improving the lift-over-drag ratio are discussed. Numerical results for two fighter aircraft and a
transport aircraft are given. While oscillatory cruise mode exists for the two fighter aircraft, steady-state cruise at
full throttle is found to be optimal for the transport aircraft. A second variation analysis to bring out the reason
for fuel savings along oscillatory trajectories is developed. It is shown that whenever the Hessian of the
characteristic function is positive definite, the second variation will be zero along the classical steady-state cruise
are, indicating that a neighboring oscillatory extremal is competitive. Comparisons with the previous point-mass

and energy model results are given.

Introduction

ONG-RANGE minimum fuel aircraft cruise remains as

an interesting problem in the aircraft trajectory optimiza-
tion area beginning with a series of papers by Zagalsky et al.,!
Schultz and Zagalsky,? Speyer,>® and Schultz.* In Ref. 1 the
authors examined the long-range optimal aircraft cruise prob-
lem with the energy-range model and found that the extended
velocity set for this problem is nonconvex. As a result,
optimal controls may not exist in the class of piecewise
continuous control functions.® However, relaxed controls in
the class of measurable functions can exist. According to
Speyer,® this was first noted by Edelbaum.”

Schultz and Zagalsky® next employed the intermediate vehi-
cle model with throttle and flight-path angle as controls and
showed that the steady-state cruise arc satisfies the Euler’s
necessary conditions. With the intermediate vehicle model, the
control variables appear linearly in the Hamiltonian.® Since
both control variables are interior to their bounds along the
steady-state cruise trajectory, it is a doubly singular arc in the
calculus of variations. It is known that along a minimizing
singular arc, the generalized Legendre-Clebsch necessary con-
dition, also known as the Kelley-Contensou test or the Goh-
Robbins test, should be satisfied.>!® For the intermediate
vehicle model considered in Ref. 2, Speyer® showed that the
steady-state cruise arc does not satisfy the Goh-Robbins test.
As a result, with this modeling, the steady-state cruise arc
cannot be optimal.

Schultz,* using a point-mass model for aircraft flight,
showed that the Kelley-Contensou test is satisfied along the
steady-state cruise arc. Thus, at least over sufficiently short
intervals, the steady-state cruise arc appeared to be optimal.
The control variables in this model are the lift coefficient and
throttle. In response to this work, Speyer,® using a point-mass
model, Goh’s transformation,’! and a frequency domain ver-
sion of the Jacobi test, showed that conjugate points occur
along the sieady-state cruise arc. As a result, the steady-state
cruise arc is nonoptimal over long ranges. Moreover, for a
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class of aerodynamic models, including the one used by
Schultz,* Speyer showed that the second variation can be
made negative for a range of frequencies, the independent
variable in his Jacobi test. This fact implies that an oscillatory
trajectory about the steady-state cruise arc may provide a
lower value of the performance index. In fact, Speyer com-
puted the fuel savings for small amplitude oscillations about
the steady-state cruise arc for a hypothetical aircraft. For this
aircraft, the period of oscillation turns out to be approxi-
mately 2.8 min. This linearized analysis predicts an improve-
ment in fuel consumption between 0.08 and 0.4%.

While the inclusion of complete vehicle dynamics is desir-
able in these studies, it is difficult to obtain analytical results
because of model complexity. In order to gain a better
understanding of the vehicle parameters responsible for the
nonoptimality of steady-state cruise, Gilbert,'?> Gilbert and
Parsons,!* and Houlihan et al.'* have studied this problem
using reduced-order models. In particular, Refs. 13 and 14
approach this problem using the energy-range model, for
which the extended velocity set or the hodograph is known to
be nonconvex.!” In the absence of hodograph convexity, an
optimal control in the class of piecewise continuous functions
may not exist. While there exists an infimum of the perfor-
mance index, no piecewise continuous control function can
produce that value. It then becomes necessary to extend the
admissible control set to include functions that are only
measurable,®!° in the sense of ordinary Lebesque measure.®
The optimal control in such a relaxed problem is a chattering
arc. For the aircraft cruise problem with the energy-range
model, chattering controls can be constructed by examining
the hodograph figure at several energy levels. Using this
approach, Gilbert and Parsons!® found that the chattering
cruise produces about 1.7% fuel savings at the cruise energy
for the F-4 aircraft. At lower energy levels, the difference
between chattering cruise and the steady-state cruise is much
higher, of the order of 7.3%. This led them to conclude that
if a maximum altitude constraint was imposed such that the
aircraft is forced to fly at lower energy levels, one would
realize a more substantial improvement in fuel consumption.
However, this does not imply that there would be any fuel
savings with respect to the unconstrained classical steady-state
cruise conditions.

Houlihan et al.'* analyzed the hodograph of three aircraft
configurations and concluded that, at the cruise energy, chat-
tering cruise provides, at best, 5% fuel savings when com-
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pared with the steady-state cruise arc. Assuming consta/nt air
density, maximum thrust, and fuel flow rate, they showe/d that
the ratio of maximum thrust to minimum drag controls the
amount of fuel savings realized by employing chattering
cruise. More interestingly, they obtained an expression for the
local convexity of the hodograph at and near the power-off
point, which turns out to be equivalent to the Goh-Robbins
test obtained by Speyer.®> Whereas the elegance of this ap-
proach is unquestionable, the chattering control functions
generated are impossible to implement in any real aircraft, let
alone evaluate in a simulation. This is because the analysis
requires the aircraft to jump from one altitude-airspeed pair
to another in close to zero time, at constant energy. It should
be noted that the integrated effect of drag during this high-
rate transition needs to be accounted for before predicting the
expected fuel savings. Recently, Bilimoria et al.!s approached
the minimum time-fuel problem using a similar framework
and noted the existence of chattering modes in certain alti-
tude-airspeed regimes.

Another interesting approach to the aircraft cruise problem
was advanced by Breakwell and Shoee.!” Using a point-mass
model for aircraft flight, they expanded the variational Hamil-
tonian to second order and identified a term that may be
responsible for fuel savings along oscillatory cruise trajecto-
ries. By using sinusoidal altitude-airspeed trajectories, they
estimate the fuel savings to be in the 0.5-3% range. This
requires between 7,500 and 16,400 ft altitude oscillation for
the particular drag models considered. It is important to stress
that they assumed a constant thrust specific fuel consumption
in their analysis.

Recent work on the long-range aircraft cruise problem has
been oriented toward obtaining numerical solutions. For ex-
ample, Gilbert and Lyons,'® using a periodic spline parame-
terization of the state-control histories in conjunction with a
nonlinear programming algorithm, computed the oscillatory
cruise trajectories for a hypothetical aircraft. Speyer et al.'®
used a multiple-shooting method with periodicity assumptions
to compute the oscillatory cruise trajectories for a hypersonic
vehicle. Grimm et al.?® employed a multiple-shooting al-
gorithm with periodic boundary conditions to compute the
oscillatory cruise trajectories for a version of the F-4 aircraft.
Chuang and Speyer,?! using the data for a hypersonic
scramjet aircraft with such effects as engine-off drag penalty,
thrust given as a function of Mach number, altitude, and angle
of attack, computed oscillatory cruise trajectories. In all the
numerical results given in Refs. 18-21, the throttle appears
to be purely bang-bang, and all of them used the explicit
assumption that cruise arc is periodic. Since the point-mass
model permits singular arcs in the cruise problem because of
the satisfaction of the Kelly-Contensou test for partial throt-
tle,* there appears to be no reason why the throttle cannot be
within its bounds at least during a part of the oscillatory
cruise trajectory. This aspect of the cruise problem is yet to
receive attention.

While the previously cited research was in progress, the
investigators working in the transport aircraft area employed
engineering assumptions to make the cruise problem more
tractable. Notably, Barman and Erzberger®® used the assump-
tion that the optimal trajectory consists of a climb during
which energy increases monotonically, a cruise leg during
which the energy is constant, and a descent leg in which the
energy decreases monotonically, synthesized an algorithm to
compute minimum fuel, minimum time, and minimum direct
operating cost trajectories for a short-haul aircraft. Using a
similar set of assumptions, Erzberger and Lee** developed an
algorithm suitable for use in airline flight planning and for
onboard performance management. There is an important
difference in vehicle modeling employed in these studies with
those in Refs. 1-21; viz, the throttle control variable does not
appear linearly in the vehicle model in the studies given in
Refs. 22 and 23. Finally, it is worthwhile examining the
research reported by Hargraves et al®* In that work, a
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Chebychev parameterized nonlinear programming algorithm
was developed for solving optimal control problems. Specifi-
cally, Ref. 24 presents somie results for long-range transport
aircraft cruise problem assuming a thrust-throttle characteris-
tic consisting of a linear and a quadratic term with an
attached small parameter.. The long-range trajectories for
several values of the small parameter are given in that re-
search. The lowest value of the parameter used was 0.01 and,
for this value, long-range cruise turns out to be steady-state
flight at full throttle. Interestingly, in the work reported by
Barman and Erzberger,?? the throttle approaches the maxi-
mum value whenever the component of cost associated with
the flight time is made zero, viz, ¢ = 1, in their direct operat-
ing cost criterion. It appears that, if the maximum engine
pressure ratio constraint was not included in the computa-
tions, the throttle may indeed have been at its maximum
value. ,

With this background, in the present study, an intermediate
vehicle model® will be used to study the aircraft cruise prob-
lem. Some new results and connections with earlier reported
results using the point-mass model and the energy-range
model will be given. Numerical results for three aircraft, two
high-performance fighters, and a transport aircraft, will be
presented. Conditions for the existence of oscillatory cruise
extremals as well as the possible reasons for fuel savings along
oscillatory cruise paths will be advanced. A second variation
analysis along the classical steady-state cruise arc also will be
given.

Vehicle Modeling

The intermediate vehicle model for aircraft symmetric flight
can be obtained by assuming that the flight-path angle and its
rate are small in the point-mass model.?* This assumption
permits the replacement of siny, cosy terms appearing in the
point-mass model by their small-angle approximations. This is
reasonable in the aircraft cruise analysis because one does not
expect large path angles because of the fuel penalty involved.
An alternate form of the intermediate vehicle model can be
obtainied by retaining the siny, cosy terms as was done in Ref.
26. This, however, will not be pursued in the present research.
Next, with the assumption that x is monotonic, the indepen-
dent variable is changed from time to range to obtain the
intermediate vehicle model as

2T+ T,-D) g

V= VW 2 ¢))
W= )
_8 (L _
- VZ(W 1) ()
=, Qo+ 0On ‘
W==7= 4

Here, V is airspeed, g acceleration caused by gravity, T, the
idle thrust, T, + T the maximum thrust, D aerodynamic drag,
W vehicle weight, A altitude, x range, L lift, Q, the idle thrust
fuel flow rate, O, + Q the maximum fuel flow rate, and W the
weight of fuel consumed. A prime over the variables indicates
differentiation with respect to range x. Equation (3) implies
that lift ~ weight. Hence, as in the energy-range model, 113,14
the drag in the intermediate vehicle model is evaluated with
lift = weight. The control variables in this model are the
throttle # and the flight- path angle 7. It is clear that the small
path angle assumption is consistent with monotonicity of
range assumption.

With range as the independent variable, time may be com-
puted by evaludting the integral

*rdx
e 5)
t ﬁ = (
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In order to compute the aerodynamic drag D, the Ilift
coefficient C, is first calculated using the condition
lift = weight. The drag coefficient is next interpolated as a
function of lift coefficient and Mach number. Models incorpo-
rating a quadratic dependence of C, on C, as well as a more
general dependence have been considered in the present re-
search. '

The aircraft maximum thrust and fuel flow rate are as-
sumed to be given as tabular functions of Mach number and
altitude. The throttle parameter n is chosen to satisfy the
constraint

0<p<l (6)

Thus, n =1 would correspond to maximum thrust and fuel
flow rate while # =0 would yield the engine idle conditions.
This type of throttle-thrust modeling is often because of the
limited availability of experimental data. For the transport
aircraft considered in this paper, it has been verified?’ that this
linear thrust-throttle relationship gives rise to about 10%
error in thrust at low throttle setting, and about 3% error in
the fuel flow rate near the 50% throttle setting.

Note that this model incorporates the linear thrust-throttle
assumption. In all that follows, it will be assumed that the
aircraft weight is constant, because, unlike rockets, the effect
of weight variations on aircraft dynamics is insignificant.?>>
In addition to the dynamic equations, the system is subjected
to other state-control constraints such as the terrain limit,
Mach limit, and the maximum lift coefficient constraint. These
will not be included in the ensuing.

With this background on the vehicle modeling, the next
section will define the optimal aircraft cruise problem and the
first-order necessary conditions will be derived.

The Optimal Control Problem

With intermediate vehicle modeling, the optimal aircraft
cruise problem in the Lagrange form?® is as follows: Deter-
mine the peicewise continuous control functions #,y that yield

min ij% dx @)

7y Jo

subject to the differential constraints (1) and (2) and the
specified inequality constraints. The initial conditions and
terminal conditions are free. In the performance index (7), x,
is a large final range. Note that the idle throttle fuel consump-
tion has been dropped from the performance index. In all that
follows, the idle thrust and the idle fuel flow rate will be
dropped from consideration primarily to simplify the analysis.
The present analysis, however, can take these into account
without difficulty.?” Indeed, for the transport aircraft used in
the present study, these terms will be explicitly included in the
analysis. The trajectories within the level flight envelope will
be considered here since the assumption of lift = weight is an
esseritial part of the intermediate vehicle modeling. Note that
the solutions emerging from this analysis should satisfy the
assumptions of small y and y’. Otherwise the intermediate
vehicle modeling assumptions will be violated and the results
will have doubtful validity.

With the foregoing definition of the cruise problem, the
necessary conditions for optimality may be derived using
Pontryagin’s minimum principle.>?” Alternately, the optimal
control problem can be transformed into the classical calculus
of variations form?® and Euler’s necessary condition derived.
The chief motivation to go through this transformation is that
the aircraft cruise problem has a nice characterization in this
form. Both approaches are equivalent and yield the same final
form for the Euler’s necessary conditions whenever the con-
trols are within their bounds.
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Subtituting for y in Eq. (1) from expression (2), with T, and
Q, equal to zero, and after some manipulations, one has

D g wv
=— V+=h' | —

n T+[ + Vv :| o (8)

Substituting for n in Eq. (7) from Eq. (8) results in the

following:
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Thus the calculus of variations problem can be stated as:
Determine piecewise smooth trajectories F(x) and A(x) such
that the integral (9) is minimized.

Equation (9) has an interesting interpretation. The first
term in the integrand depends only on airspeed and altitude,
while the second and third terms depend additionally on
airspeed and altitude rates, respectively. Therefore, the first
term in the integrand may be thought of as the cost associated
with static paths; i.e., paths with V' =h"=0. Indeed, this
term is minimized in the classical steady-state cruise analysis
for determining the fuel optimal cruise arc. The second and
third terms constitute the dynamic part of the total cruise
cost. If trajectories V(x) and A(x) can be found such that the
sum of the second and third terms have a net negative sign
over the integration interval, then that path will provide a
lower cost when compared with a static path. In all that
follows, it will be assumed that the integrand (9) has continu-
ous partial derivatives with respect to ¥ and A.

The calculus of variations problem defined in expression (9)
is identically nonregular® since the Legendre-Clebsch neces-
sary condition will be met only in the weak form. Other
second-order necessary conditions such as the Jacobi test®® are
not directly applicable in these problems. Moreover, the
extremals emerging may not satisfy all the boundary condi-
tions. This is because of the degenerate®® Euler’s necessary
conditions in identically nonregular problems. For instance,
the minimum time airplane climb problem with the energy
state model is degenerate by two orders.! Note that the
throttle constraint in the transformed problem appears as -

D g wv
<4 | V2| —< 10
Nemin T+[ t7 ]gT Ninax (10)

It may be noted that the control variable inequality constraint
in the original optimal control problem is transformed into an
inequality constraint on the states and their rates in the
calculus of variations problem. In order to compute bang-
bang control arcs, the boundary of the admissible region can
be determined by using the inequality (10). Since this is an
inequality constraint, within an admissible region, the optimal
control problem may be analyzed without the explicit inclu-
sion of this constraint.

The Euler’s necessary conditions for the calculus of varia-
tions problem (9) can be derived as®:

Jrofe|_oeref|_1ofob
h{géﬁ[?]“a_lf[—ﬁ]}_ww[w] b

Jroje|_2 e j|_-1e]¢eb
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These necessary conditions hold between corners in the
Euler solution. If one expect large number of corners in the
solution, it is advisable to use the integral form of Euler’s
necessary conditions. However, in that case, more sophisti-
cated numerical algorithms will be necessary to obtain the
solutions. In all that follows, it will be assumed that the
corners in the solution occur only when the Euler solution
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includes a piece of the boundary of the admissible region, i.e.,
when the singular arc is joined with a throttle saturation arc.
The expressions (11) and (12) yield extremals for the aircraft
cruise problem whenever the controls are within their bounds.
If the quantity within the braces on the left-hand side of these
expressions is not zero, it may be moved to the denominator
on the right-hand side to obtain the Euler’s necessary condi-
tions in explicit form. It is interesting to note that this
quantity is the expression for the Goh-Robbins test, first
obtained by Speyer.? Speyer has shown that this expression is
nonzero, in general. If this expression were zero, one would
obtain two implicit algebraic expressions defining the classical
steady-state cruise point for certain aircraft. This case, how-
ever, admits multiple solutions. This is because, as long as the
differential constraints in the problem are satisfied, any 4’ and
v’ functions sufficiently fast such that the aircraft stays
substantially in the vicinity of the classical steady-state cruise
point will satisfy Euler’s necessary conditions.

The Euler’s necessary conditions, including idle thrust and
idle throttle fuel flow rate, can be obtained simply by replac-
ing the term QD/VT on the right-hand side of expressions
(11) and (12) by (Qo/V) +[Q(D — T,)/VT]. The time-con-
strained aircraft cruise problem may be analyzed in an identi-
cal setting.?’

As noted earlier, the Euler equations (11) and (12) are
degenerate® by one order each, because in regular problems
these necessary conditions are second-order differential equa-
tions.?”> The implication is that the resulting extremals can
meet only one boundary condition on altitude and airspeed.
This is not of undue concern in the present analysis since the
cruise arc forms the interior arc and transients to and from
this arc can be constructed subsequently. On the other hand,
the degeneracy is an advantage since the necessary Euler
conditions can now be evaluated using an initial value integra-
tion scheme. It may be noted in passing that no extremal
emerging from the necessary Euler conditions (11) and (12)
can be made to satisfy the natural boundary conditions. It can
be shown that every point within the level flight envelope
satisfies the Weierstrass-Erdmann corner conditions. More-
over, the Weierstrass excess function® is identically zero in
the entire admissible region.

The necessary Euler conditions are two first-order, homoge-
neous, nonlinear ordinary differential equations for which
explicit analytical solutions are difficult to construct. How-
ever, analysis in the small can be carried out using the phase
plane—in this case, the altitude-airspeed chart. It is clear that
the singular point of the system (11), (12) is at

o1ebl_, 21eD1_
bT/[T/_T"]_O’ ahI:VT]—O 13

Interestingly, the expressions in (13) are the necessary condi-
tions for a proper interior minimum or maximum of the
function QD/VT. In the classical steady-state analysis, these
conditions define the cruise point. However, it will be seen
later in this paper that the function QD/V'T may not have a
proper interior minimum for certain aircraft. In that case, the
singular point .of the necessary Euler conditions and the
classical steady-state cruise point will not coincide. This factor
has important bearing on the nature of optimal cruise arc
emerging from the present analysis.

Additionally, it can be verified that the quantity QD/VT is
a constant of motion along each solution produced by the
necessary Euler conditions (11), (12). Though this fact does
not make the task of obtaining Euler solutions any easier, it
is a useful device for monitoring the accuracy of numerical
solutions.

As is well known from nonlinear system theory, a family of
solutions will exist in a region about the singular point, the
character of the paths being determined by the nature of the
singular point. In particular, if the singular point were a
vortex or a center, the family of solutions form closed trajec-
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tories around the singular point. This forms the basis for
deriving a test for the existence of oscillatory extremals given
in an ensuing section.

Before embarking upon the development of such a test, the
boundary of the admissible region defined by the transformed
throttle constraint, viz, the expression (10), will be investi-
gated. With 5., =0 substituting for ¥’ and h’ from the
necessary Euler conditions (11) and (12), the zero throttle
boundary of the admissible region can be obtained as:

oD

=0 (14
5 - cons 9
where E = h + (V?/2g) is the specific energy. This expression
defines the maximum range glide trajectory in the altitude-air-
speed plane with intermediate?® or energy-modeled aircraft.
This result is in accord with the work of Gilbert and Parsons®3
and Houlihan et al.**
Similarly, for # =1, it can be shown that

—1) oD _of,1e
{T}Ehmﬂ"ah ” VT:I}

Expression (15) defines yet another trajectory in the altitude-
airspeed plane. However, this path does not appear to have
any direct interpretation in terms of the optimal trajectories
reported in the literature.

If the boundaries of the admissible region in the altitude-
airspeed plane intersect at least at two points, one can hope to
obtain a pure bang-bang arc to be the outermost member of
the Euler solution' family. The requirement for at least two
intersections is dictated by the long-range nature of the cruise
problem which demands that if a power-off arc exists, it must
be followed by a power-on arc in order to maintain energy in
the system. Expressions (14) and (15) will have to be simulta-
neously satisfied at those points. This implies

1ol o112 |l_
{m[r] av[w]}'“ (16

The quantity on the left-hand side can be identified as the
Goh-Robbins test® for the cruise problem with intermediate
vehicle modeling. Thus, it has been shown that with interme-
diate vehicle modeling, the Goh-Robbins test will have to be
met at least at two points within the aircraft flight envelope
for a pure bang-bang arc to be the limiting member of the
Euler solution family.

Such points will not be found within the aireraft flight
envelope for the three aircraft considered in this paper. In the
next section, it will be shown through numerical computations
that the admissible region is closed only by the level flight
envelope on one side and by the minimum altitude constraint
on the other. The implication is that the optimal control
settings emerging from current modeling are at best of the
saturating type, viz, partial throttle setting throughout or
partial throttle followed by a control saturation. For the
scalar control case, such saturating types of optimdl control
arcs are known to arise whenever the Kelley-Contensou test is
met for odd ¢; see Kelley et al.3? for details. For the vector
control case, a similar test is not currently available.

It is important to stress here that the effect of a flight-path
angle constraint has not been considered in the present re-
search. Imposition of such a constraint may alter the forego-
ing conclusions.

(15)

E = const

The Existence of Oscillatory Extremals

A test for the existence of oscillatory extremals can be
constructed by linearizing the necessary Euler conditions (11)
and (12) about the singular point of the system and exarmining
the nature of the roots of the characteristic polynomial. If the
roots turn out to be purely imaginary, the solutions in the
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neighborhood will be oscillatory. Note that this test is applica-
ble only if a singular point exists within the aircraft level flight
envelope.

From this analysis, the condition for roots of the character-
istic equation to be purely imaginary turns out to be

0% 0%u o%u P oD
aTVﬁ‘['—avah >0 r=Yr an

Interestingly, expression (17) is a sufficient condition for the
singular point defined by expressions (13) to provide a proper
interior minimum of the function QD/VT, provided that

2

ST’I‘/>0, o Eso (18)
Under the conditions of (17) and (18), the Hessian of QD/VT
with respect to ¥ and 4 will be positive definite. This leads to
the conclusion that, if the singular point were a proper
interior minimum of the function QD/VT, then oscillatory
extremals will always exist in the neighborgood of this point.
In this case, the singular point also would be the classical
steady-state cruise point.

This is likely to happen only if the classical steady-state
cruise point were well within the level flight envelope of the
aircraft. In the immediate vicinity of the singular point, the
period of the oscillatory Euler solution is given by

c=2_n (19)

O,

X,

where

1 0%u 2% e
e ”ﬂ/aTV?ﬁ _[6V6h 20
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The existence test obtained in the foregoing assumed that a
singular point exists within the aircraft level flight envelope.
For certain aircraft there may not be a singular point within
the level flight envelope. In this case, an alternate test form of
the existence test can be devised®’ using Bendixson’s theorem,
albeit in somewhat less elegant form. This, however, will not
be pursued in the present paper. ’

Numerical Results

The analysis presented so far will be employed next to
explore the nature of Euler solutions for three aircraft
configurations, viz, a high-performance fighter aircraft,'® a
version of the F-4 aircraft!?® without afterburner, and a
short-haul transport aircraft.?>?* In all that follows, functions
of one variable, such as the aerodynamic coefficients, are
interpolated using cubic splines. Cubic spline lattices®® are
used to interpolate functions of two variables such as engine
thrust and fuel flow rate given as functions of Mach number
and altitude. Euler’s necessary conditions are integrated using
a fourth-order Kutta-Merson technique with variable step
size. The accuracy of numerical solutions are monitored using
the constant of motion @QD/VT. Along every Euler solution
given here, this quantity is maintained constant within 10~'4,
All the computations are carried out with double-precision
arithmetic on a VAX 11/750 machine.
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High-Performance Fighter Aircraft

The classical steady-state cruise point for this aircraft is
determined by first obtaining the airspeeds satisfying

o [oD]
e [ﬁ] =0 (21)

at several altitudes within the level flight envelope. The alti-
tude-airspeed pair providing the least fuel consumed per unit
range is then the classical steady-state cruise point. For this
aircraft, cruise point occurs within the level flight envelope, at
approximately 44,580 ft altitude and 775.25 ft/s airspeed. The
test for the existence of oscillatory extremals is satisfied at the
classical steady-state cruise point. The period of oscillatons in
the vicinity of the classical steady-state cruise point predicted
using expression (20) turns out to be about 57.8 mi.

Next, the unconstrained necessary Euler conditions (11) and
(12) are integrated, starting at several altitude-airspeed initial
conditions. The results of this study are presented in Fig. 1. If
the initial conditions chosen are close to the steady-state
cruise point, the altitude-airspeed trajectories are nearly sinu-
soidal. As one moves away from the steady-state cruise point,
the oscillations are characterized by a relatively steep ascent
followed by a long descent trajectory. The maximum ampli-
tude of altitude oscillation permissible within the level flight
envelope appears to be about 17,000 ft, the corresponding
airspeed amplitude is about 175 ft/s. Beyond this, the oscilla-
tory trajectories can be formed only by the inclusion of a part
of the level flight envelope. Along the largest amplitude
oscillation, the maximum flight-path angle is about 20 deg
and the minimum about —7 deg. The throttle along this
trajectory varies between —1.02 and 3.43. Note that these
solutions did not include the throttle constraint.
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Fig. 1 Unconstrained Euler solutions for the high-performance fighter.
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In Fig. 2, some Euler solutions are superimposed on the
level flight envelope along with the boundary of the admissi-
ble region and the locus of steady-state cruise points. In this
figure, the admissible region in the altitude-airspeed plane is
the area bounded by the curve LMNOL. This figure reveals
that the zero-throttle boundary does not intersect the maxi-
mum throttle boundary within the aircraft flight envelope.
Thus, with intermediate vehicle modeling, for this aricraft, the
throttle will not operate in a pure bang-bang mode along the
limiting member of the Euler solution family.

Additionally, from Fig. 2, it can be seen that the outermost
solution violates both the zero-throttle constraint and the
maximum throttle constraint. The innermost solution is well
within the admissible region while an intermediate solution
appears to violate only the maximum throttle constraint. At
this juncture, an examination of the necessary Euler condi-
tions reveals that the nature of throttle constraint violation
along a particular solution is entirely governed by the slope of
the quantities Q, D, and T in the altitude-airspeed plane.
Within the admissible region, the flight path angle along every
Euler solution is within + 3 deg.

Since the family of Euler solutions forms closed orbits in
the altitude-airspeed plane, each member is a candidate ex-
tremal for long-range cruise. Selection of a particular member
of this family can only be based on the amount of fuel it
consumes to cover a unit range when compared with classical
steady-state cruise. With this objective, the fuel consumed per
oscillation is computed and divided by the corresponding
range covered to obtain the fuel consumed per unit range. The
fuel consumed to cover a unit range along the classical
steady-state cruise arc is next subtracted from this quantity
and the percent of fuel lost or gained in employing a particu-
lar member of the extremal family is computed. Since these
numbers can be very small, sometimes close to the machine
precision, these calculations are carried out for several integra-
tion step sizes.

Within the permissible throttle limits, the maximum fuel
savings appear to be of the order of 1.84 x 10~ %%, corre-
sponding to about 766.74 ft altitude oscillation and throttle
oscillating from 0.55-0.69. It is to be emphasized here that the
nature of the throttle constraint violation depends entirely on
the slope of the function QD/VT in the altitude-airspeed
space. As a result, for some other aircraft, a much larger
oscillation amplitude might be permissible without violating
the throttle constraints.

Before closing this section, it is worthwhile recalling that
earlier research!® showed that the ratio of maximum thrust to
minimum drag controls the amount of fuel savings realized in
employing chattering cruise. The consequences of increasing
the aircraft thrust in the present case would be an expanded

60000

50000 |

/
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flight envelope along with the movement of the maximum
throttle boundary toward the right in the altitude-airspeed
chart. The combined effect would be an increase in the
admissible region, permitting larger oscillation amplitude. If
the aircraft L/D is also simultaneously increased, the maxi-
mum range glide locus would move to the left in the altitude-
airspeed plane, further increasing the admissible region. With
this, the high performance fighter may show larger fuel
savings.

F-4 Aircraft

For this aircraft, classical steady-state cruise point occurs
well within its level flight envelope, at approximately 32,650 ft
altitude and 812 ft/s airspeed. The condition for the existence
of oscillatory extremals is satisfied at this point. The predicted
period turns out to be about 29.6 miles. The Euler solutions
for this aircraft are characterized by a relatively steep ascent
followed by a shallow descent. The period of the largest
permissible oscillatory trajectory for this aircraft is about
32.007 miles; little more than half the period for the high
performance fighter. The fuel consumed along the longest
permissible oscillatory trajectory is about 0.9% lower than
that long the classical steady-state cruise.

At this point, it is perhaps worthwhile to compare the
present results with those of Grimm et al.?® In that work, they
appear to have used similar aircraft data to compute oscilla-
tory cruise trajectories. Comparisons between their results and
the present work are summarized in Table 1. From this table,
it can be seen that the results are close despite the differences
in the throttle history, viz, in the present work the throttle
oscillates . between the limits, while in Ref. 20 the throttle
always operates in a bang-bang mode. The present analysis
tends to underpredict the fuel savings, however.

Transport Aircraft

Unlike the fighter aircraft, the transport aircraft engine data
is available at several engine pressure ratio (EPR) settings
including maximum and idle.

As before, classical steady-state cruise point for this aircraft
is calculated using expression (21) at several altitudes. This
calculation showed that the classical steady-state cruise point
does not provide a proper interior minimum for the function
OD/VT. A minimum exists, however, but it occurs on the
boundary. The cruise condition for this aircraft turns out to
be at about 37,500 ft altitude and 740 ft/s airspeed. Thus, the
classical steady-state cruise point for this aircraft is not the
singular point of the Euler necessary conditions. Moreover,
since the classical steady-state cruise point lies on the flight
envelope, the cruising flight occurs at full throttle. The follow-
ing conditions hold at the classical steady-state cruise point:

o[2b1_ ofop
a_V[T/?] =0 6h[ VT] <0 (22)

Table 1 Comparison of a Euler solution for the F-4 aircraft

Present work Grimm et al.?°

o &
o A 4 I
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ALTITUDE, FEET

Fig. 2 Euler solutions for the high-performance fighter: A) minimum
throttle boundary; B) maximum throttle boundary; C) locus of steady-
state cruise points; E) level flight envelope; and 1,2,3) Euler solutions,
LMNOL: boundary of the admissible region.

Amplitude of

altitude oscillation 5913 ft 7557.5577 ft
Amplitude of

airspeed oscillation 40.98 ft/s 124.47736 ft/s
Oscillation period 32.007 mi 32.8 mi

Fuel per mile saved 0.9% ~2%
Nature of throttle Continuously varying Bang-bang
history between the given
bounds
Difference in classical steady-state cruise conditions (Ref. 20—present)
AV = 10.788 ft
Ah = 4084.662 ft
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No singular point has been found within the level flight
envelope of this aircraft. As a result, the existence test (17) is
no longer applicable.

As before, Euler solutions are generated starting from
several initial conditions within the level flight envelope. In
Fig. 3, these solutions are superimposed on the level flight
envelope along with the boundary of the admissible region
and the locus of the steady-state cruise points. From this
figure it can be seen that there are no oscillatory solutions
lying entirely within the flight envelope. The singular point of
the Euler solution family appears to be somewhere outside the
level flight envelope. Within the envelope, only segments of
the oscillatory solution exist. Indeed, given sufficient range, all
the trajectories tend to go outside the level flight envelope.

The idle-throttle constraint boundary, the maximum throt-
tle constraint boundary, and the locus of steady-state cruise
points are also given in Fig. 3. The region enclosed by the
contour LMNL and the line segment NO constitute the
admissible region. An interesting part of this admissible re-
gion is the line segment NO. All the points on the line
segment NO satisfy the Goh-Robbins test since the maximum
and minimum throttle boundaries are colinear. If the neces-
sary Euler conditions were to be integrated after including
throttle constraints and a constraint on the flight-path angle,
starting from an altitude-airspeed initial condition on this line,
a chattermg arc would result.

In view of the foregoing discussion, none of the unsteady
Euler solutions are candidates for long-range cruise. These
paths form range-fuel optimal trajectories connecting various
points within the flight envelope. Thus, for the transport
aircraft, the optimal long-range cruise trajectory is a full
throttle flight at the classical steady-state cruise point. The
classical steady-state cruise point turns out to be the maxi-
mum altitude point on the level flight envelope. This conclu-
sion agrees with that of Hargraves et al.* and also with that
of Barman and Erzberger.?

The solutions presented in this paper are all unconstrained,
i.e., the throttle constraint was not explicitly included in the
construction of Euler solutions. The effect of throttle con-
straint and an altitude constraint on the high-performance
fighter and the transport aircraft have been evaluated; see Ref.
27 for details.

Second Variation Analysis

1t is known?® that the sufficient conditions for a functional
J(x) to have a weak local minimum for x = x* are that the first
variation 8J(x) vanishes for x =x*, and that the second
variation 62J(x) be strongly positive for x = x*. The conditions
for vanishing of the first variation leads to Euler-Lagrange
equations and transversality conditions. The positivity re-
quirement of the second variation leads to the Legendre-
Clebsch and Jacobi’s necessary condition for regular extremals.
In addition to these, if Weierstrass’s necessary condition is
satisfied in the strong form, the extremal affords a strong local
minimum for the functional J(x).

For smgular extremals, the Legendre-Clebsch necessary
condition is satisfied only in the weak form. In this case, the
Legendre-Clebsch necessary condition is replaced by the gen-
eralized Legendre-Clebsch necessary condition. The Jacobi
test in its original form is not applicable for these problems.
An alternate approach for obtaining second-order necessary
conditions involves the use of transformations proposed by
Kelley** and Goh.!!

In this section, an expression for the second variation for
the aircraft cruise problem in the vicinity of the classical
steady-state cruise point will be developed. This expression
imbeds both the generalized Legendre-Clebsch necessary con-
dition® and the condition for the existence of oscillatory
extremals.
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Fig. 3 Euler solutions for the transport aircraft: A) minimum throttle
boundary; B) maximum throttle boundary; C) locus of steady-state
cruise points; E) level flight envelope; and 1-5) Euler solutions, LMNL-
NO: boundary of the admissible region.

In the section on transport aircraft, it was shown that the
steady-state cruise is a full throttle arc occurring at the
maximum altitude on the flight envelope. Consequently, a
second-order test cannot be set up in the usual sense for this
aircraft because only unilateral variations in altitude are
permissible at the classical steady-state cruise point. However,
it is clear that an unconstrained Euler solution originating
from any point within the level flight envelope, arbitrarily
close to this classical steady-state cruise point, will rapidly
approach the flight envelope and tend to stay on it. This is
because the energy rate is zero along the flight envelope.
Hence, the remainder of this section will be devoted to the
second variation analysis of the fighter aircraft.

Second Variation Near the Classical Steady-State Cruise Point

Though the aircraft cruise problem is not strictly a fixed
end point problem, if the integration interval is chosen as the
length of a full cycle of oscillation as in Ref. 17, it may be
treated as a fixed end point problem. Additionally, in strict
terms, it is not correct to compare various members of the
Euler solution family because each of them have a unique set
of boundary conditions and, possibly, different periods of
oscillation. In the vicinity of the classical steady-state cruise
point, however, the cost of moving from one set of boundary
conditions to the next is much smaller than the long-range
cruise cost. Further, in this region, the differences in the
frequency between extremals is small.

With these approximations, the second variation® for the
aircraft cruise problem in the vicinity of the classical steady-
state cruise is given by

52 = J " 20(3V,5h,8V",5h") dx (23)
0

where

20 = iy SV + pyy Sh* + 241y, SV Sh + 2f,, 5V SV
+ 2 Oh SR’ + 2y SV SH' + 2fy SV Sh (24)

Since the second partial derivatives used in expression (24) are
evaluated at the classical steady-state cruise point, they can be
treated as constants. Moreover, the terms containing 6V'éV
and 8h’Sh vanish at the integration limits because these are
the derivatives of the expression X67)? and (k)% and

5V(0) = 6V(x,), 5h(0) = h(x,) (25)
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The last term in expression (24) can be integrated next by
parts to yield the following expression for second variation:

62J=fp[6V6h] ["”V ”V"] [‘W] dx
o Hry  Hpn h
——J [2fn — 2fyn] OV OR" dx (26)
0

It is clear that the first term of the second variation (26) will
be positive for arbitrary piecewise smooth variations §V,h,
not identically zero and vanishing at the two ends, if the 2 x 2
matrix in the integrand were positive definite. This matrix will
be positive definite if the classical steady-state cruise point
provides an interior minimum for the function QD/VT. It was
shown earlier that oscillatory Euler solutions will exist under
precisely the same conditions.

Substituting the required second partial derivatives in the
second term in Eq. (26), one has

. - *jlo1Q]_91 2 ’
[2™ term] = -—2WJ; {g o [T]—W[VT]} 8V 8k’ dx (27)

The term within the braces can be recognized as the denomi-
nator of the Euler’s necessary conditions. More significantly,
it is the Goh-Robbins test for the aircraft cruise problem with
the intermediate vehicle model, first obtained by Speyer®
along the classical steady-state cruise arc and rederived for the
present Euler solution family by Gracey.?” According to
Speyer and Gracey, a necessary condition for the second
variation to be nonnegative is that the term within the braces
in Eq. (27) should be zero.

With numerical calculation, it is possible to show that for
the aircraft used in the present study, this term is greater than
zero. Furthermore, if the extremals emerging are such that the
product ¥ 6h’ is greater than zero, this term will be negative.

Before proceeding to test the sign of the second variation in
the vicinity of the classical steady-state cruise arc, the connec-
tion between the present research and that of Breakwell and
Shoee!” will be examined. Carrying out the partial differentia-
tion indicated in Eq. (27), and putting 6, = Q/T, V.=V, i.e,,
the thrust specific fuel consumption and the airspeed at the
classical steady-state cruise point, one has,

. - ow|Plojel_149]¢2 :
[2* term] = 2W/L {gah[T] VaVI:T:I}(SVéhdx

XP o.(_g
—2] mTﬁéVéy dx (28)
o

4

Expression (28) has used the fact that 6k = dy, the linearized
k" in Eq. (2).

The second term in expression (28) is identical to the
condition obtained by Breakwell and Shoee,!” using a point-
mass model for aircraft flight. According to them, this term is
responsible for fuel savings along oscillatory trajectories, pro-
vided that 6V and 8y have the same sign along such paths.
Along every oscillatory extremal generated for the fighter
aircraft, the quantity 6V &y, generated by subtracting the
classical steady-state cruise conditions from a Euler solution,
turns out to be positive. Thus, the present analysis reveals that
Breakwell and Shoee’s condition!” is a component of the
Goh-Robbins test with the intermediate vehicle modeling.

Because of the singular nature of the aircraft cruise prob-
lem, it is difficult to establish the sign of second variation for
arbitrary PWS variations. Nevertheless, according to Kelley
and Moyer,* the variations obtained from the linearized
necessary Euler conditions can be used to verify the sign of
second variation, since the competition, if any, is between
neighboring extremals of the original problem. Thus, if a
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system of nonzero variations can be found that makes the
second variation zero, then it is clear that a neighboring path
is competitive and that the test extremal furnishes at best an
improper minimum of J and at worst a merely stationary
value.

The variations 8V, dh, 6V’, ok’ are generated in terms of
the initial conditions 4¥(0), éh(0) by solving linearized Euler
equations about the classical steady-state cruise point. These
variations are used next to carry out the indicated integrations
in expression (26). Applying the given integration limits to
these expressions and normalizing by the range covered per
oscillation, it is possible to show

1 A? Byy My || OV(0)
82 = —=| 1 == | [6¥(0) 6h(0
2[ AﬁJ[ © ()][uw uhh][éhm)] (29

Here, A, is the quantity A evaluated along an arbitrary
neighboring extremal. The second variation on an extremal in
the vicinity of the classical steady-state cruise point is given by
expression (29). Note that it will be negative for arbitrary
initial conditions 6¥(0) and 5A(0) not simultaneously zero, if
the 2 x 2 matrix on the right-hand side is positive definite; and
if the inequality

AYAZ2 <1 30)

is satisfied. The 2 x 2 matrix on the right-hand side of expres-
sion (29) is the Hessian of the function QD/VT with respect
to ¥ and A. Earlier in this paper it was shown that this matrix
will be positive definite whenever oscillatory solutions exist.

Since A = A, at the classical steady-state cruise point, the
second variation is zero along this arc, thereby indicating that
a neighboring extremal is competitive.

Moreover, if the function QD/VT is such that condition
(30) is satisfied, then an oscillatory extremal will yield lower
value of fuel consumption than classical steady-state cruise. It
is important to note that the foregoing second variation
analysis is valid only in the neighborhood of the classical
steady-state cruise point. A more general second variations
analysis can only be carried out numerically.

Conclusions

The optimal long-range aircraft cruise problem was ana-
lyzed in this paper using an intermediate vehicle model.
Euler’s necessary conditions were derived, and the nature of
solutions was discussed. It was shown that the classical
steady-state cruise point is the central member of the Euler
solution family for certain aircraft. The nature of minimum
throttle arc and the maximum throttle arc was investigated.
The minimum throttle arc turns out to be the maximum range
glide path. An expression for the maximum throttle arc was
obtained. A test for the existence of oscillatory cruise trajecto-
ries was developed.

The present analysis indicates that, depending on the air-
craft configuration, one could have the classical steady-state
cruise point within the flight envelope or on it. In the former
case, the question of operation at the classical steady-state
cruise point versus that along oscillatory trajectories occurs
naturally. In the latter case that question is artificial since a
competing extremal can be set up only by imposing additional
constraints. Numerical studies with three aircraft configura-
tions indicate that, for the fighter aircraft, a family of oscilla-
tory solutions exists about the classical steady-state cruise
point. Some members of this Euler solution family yield lower
values of fuel consumption when compared with the classical
steady-state cruise. It appears that a large thrust combined
with a high lift-over-drag ratio is conducive to the existence of
oscillatory cruise solutions and also to increased fuel savings
along such extremals. For the transport aircraft, the classical
steady-state cruise point occurs on the level flight envelope.
No competing oscillatory cruise extremals have been found
for this aircraft.
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The nature of the second variation in the vicinity of the
classical steady-state cruise point was discussed. It was shown
that the second variation can be decomposed into two compo-
nents, the first of which will be positive whenever oscillatory
solutions exist, while the second component will be negative
whenever the Goh-Robbins test is not satisfied at the classical
steady-state cruise point, and a condition similar to that of
Breakwell and Shoee is satisfied. The term responsible for fuel
savings along oscillatory extremals identified by Breakwell
and Shoee, using a point-mass model, was shown to emerge in
the present expression for the second variation.

Using the variations generated by the linearized Euler
equations, it was shown that the second variation is zero at
the classical steady-state cruise point.
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